We study the problem of "phantom" folding of the two-dimensional square lattice, in which 
Introduction
Models for polymerized membranes can help our understanding of biological systems.
A typical discretized model for a membrane consists of a network of vertices (atoms) linked by bonds. Irregular networks correspond to fluid membranes, with arbitrary connectivity at each vertex. Regular networks are called tethered membranes: their bonds may have short variations in length, leading to a geometrical crumpling transition [1] . Continuous versions of these models have confirmed this result, both analytically [2] - [4] and numerically [5] . In the present paper, we consider a discrete model for rigid bond-membranes, represented by regular 2-dimensional networks whose vertices are linked through rigid bonds of fixed length. The only possibility for such a membrane to modidy its spatial configuration is through folding along its bonds, serving as hedges between adjacent faces. The effects of self-avoidance on discrete folding models can be extremely complex: already in one dimension, this has lead to interesting developments, in relation with the "meander" problem [6] . The type of folding we consider however is not self-avoiding, in the sense that we allow the membrane to interpenetrate itself (phantom folding).
This work follows a previous study of the folding of the triangular lattice [7] , leading to an exact result for the folding entropy in two dimensions [8] , and to evidence for a first order folding transition between a flat and a folded phase [9] , and some further developments in which the triangular lattice is folded into the 3-dimensional Face Centered Cubic lattice [10] .
In this paper, we consider the folding problem of the square-diagonal lattice (see Fig.1 below) , made of the square lattice with bonds joining all first and half of secondneighbor vertices. In a first step, we study the two-dimensional folding of the lattice and obtain estimates for its folding entropy. In a second step, we introduce d-dimensional generalizations in which the lattice is folded onto a regular d-dimensional lattice, allowing only for a finite number of possible relative foldings of adjacent faces of the membrane in the target d-dimensional space. Estimates for the higher-dimensional folding entropies are also found.
The paper is organized as follows. In Sect.2, we introduce the 2-dimensional folding problem of the square-diagonal lattice as an edge tangent-vector model. A reformulation as a colored loop model leads to some analytic bounds on the folding entropy. The structure of the colored loop model is further investigated in Sect.3, in relation with the TemperleyLieb algebra and the Potts and 6 Vertex models. This leads to better analytic bounds on the entropy. In Sect.4, we transform the colored loop model into a 28 Vertex model, allowing for the numerical study of the folding entropy, carried out in Sect.5.
The next two sections are devoted to higher dimensional generalizations of the squarediagonal lattice folding. The idea is to fold the lattice into a target d-dimensional lattice.
We find two such lattices compatible with the square-diagonal lattice: the HypercubicDiagonal (HCD) and Face-Centered Hypercubic (FCH) lattices. The HCD model is studied in Sect.6, and successively mapped onto a colored loop model and a vertex model. Various estimates of the folding entropy follow. In Sect.7, an analogous study is carried out for the FCH model. The equivalent vertex model is particularly simple and gives access to very good numerical estimates of the folding entropy.
In Sect.8, we present a classification of all possible compactly foldable lattices in two dimensions. In addition to the known square and triangular lattices, we find only two more: the square-diagonal lattice studied in this paper, and the double-triangular lattice, a decoration of the triangular lattice obtained by adding vertices in the middle of one third of its edges (one per triangle), and by drawing the corresponding heights. The latter lattice is then folded in both 2 and higher dimensions, giving rise to new vertex models on the Kagomé lattice.
We gather a few concluding remarks in Sect.9.
The Folding Problem

Folding of the Square-Diagonal lattice
Fig. 1:
The Square-Diagonal lattice. It has two types of vertices, respectively 4-and 8-valent, and two types of edges, short (length 1) and long (length √ 2).
We consider the Square-Diagonal lattice, obtained from the standard square lattice by drawing the two diagonals on each face (see Fig.1 ). This introduces two types of vertices, with respectively 4 and 8 incident edges, and two types of edges, short with length 1 and long with length √ 2. All the faces of the lattice are triangular, with one 4-vertex and two 8-vertices, and one long and two short edges forming a right angle.
The similarity of all the faces makes it possible to define a complete folding of the lattice, in which the edges serve as hinges between adjacent triangles, and might be either completely folded or not folded at all. A folding configuration of the lattice is therefore a continuous map ρ from the lattice to itself, which preserves its faces, namely the distances between the vertices around each triangular face. Note that a folding configuration does not distinguish between the various physical realizations of the actual folding of the lattice, nor is such a configuration granted to be realizable physically. This is called phantom folding, where the lattice is allowed to interpenetrate itself for the foldings to be realized, as opposed to the more realistic, but much more constrained self-avoiding folding.
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Fig. 2:
The edge vectors for the square-diagonal lattice. In the basis ( e 1 , e 2 ), the short edge vectors are of the form (±1, 0), (0, ±1), and the long edge vectors are of the form (±1, ±1).
To describe the folding configurations of our lattice, we note that such a configuration is entirely determined by the list of all the images of the edges of the initial lattice. Let us characterize these edges by the associated tangent vectors t, subject to the face rule t around a face t = 0 (2.1)
There are basically two choices of orientation of all the edge vectors, we fix one as in Fig.2 .
Fixing an orthogonal basis of the plane with two short vectors, denoted e 1 , e 2 , we see that the short edge vectors may only take the 4 values ± e 1 and ± e 2 , whereas the long edge vectors may only take either of the 4 values ± e 1 ± e 2 .
A folding configuration is characterized by the images of these tangent edge vectors (note that short vectors are mapped to short vectors, and long vectors to long vectors).
The requirement that the faces be preserved amounts to the condition that the face rule (2.1) be preserved by the map ρ. In other words, t around a face ρ( t) = 0 (2.2) This condition has to be satisfied by the images of the edge vectors around all the faces of the lattice.
With these conditions, the partition function Z SD of the folding problem of the squarediagonal lattice (actually of a portion thereof, made of N triangular faces) is simply the number of distinct folding configurations, namely of distinct configurations of edge vectors satisfying the conditions (2.2). The thermodynamic entropy per triangle s SD is then defined as the limit Fig. 3 : The short edge-vector images for the flat (a) and completely folded (b) configurations of the square-diagonal lattice. In case (b), the whole lattice is folded onto the shaded triangle.
With these definitions, we may already distinguish two particular folding configurations: the flat configuration corresponds to no folded edge, hence has the edge vectors of Fig.3(a) . The completely folded configuration corresponds to folding the whole lattice onto one single of its triangular faces. The map therefore sends all the long edges onto one of them, say −( e 1 + e 2 ) for definiteness, and half of the short edges to e 1 , the other half to e 2 , as shown on Fig.3(b) .
Loop Gas Reformulation
Let us consider a folding configuration of the square-diagonal lattice. The images of the short edge vectors characterize the configuration completely, as the long edge vectors may be deduced from the face rules (2.1). But these are still constrained as follows.
(i) the two short edge vectors around each face must be perpendicular, i.e., one of them is equal to ± e 1 and the other to ± e 2 .
(ii) any two adjacent triangular faces sharing a long edge have short edges with either of the two possible images below
corresponding respectively to an unfolded or folded long edge.
The two conditions (i)-(ii) above are the only constraints on the images of the short edge vectors. The image of a given short edge vector t reads ρ( t) = ǫ e i (2.5) and is characterized by the pair (i, ǫ), where i ∈ {1, 2} can be thought of as a color of the edge, and ǫ = ±1 is a sign. In the condition (ii), the signs are the same for the short edges of the same color. Hence these signs are preserved along chains of short edges throughout the lattice, forming loops of either color 1 or 2. More precisely, let us consider the dual of the square-diagonal lattice, whose vertices are the centers of the triangular faces, and whose edges cross the former ones. This dual has only square and octagonal faces as depicted in Fig.4 . The short edges are in bijective correspondence with the edges of the square faces in the dual lattice, hence we paint them with the corresponding colors i = 1, 2, which we will call black (solid lines in the pictorial representations) and white (dashed lines in the pictorial representations). Around each square face of the dual, these colors must alternate, because of the condition (i). The two possibilities of (ii) simply correspond to the two relative colorings of the two corresponding neighboring dual square faces shown in Fig.5 .
This suggests the following reformulation of the folding model, in the dual picture.
We first choose an arbitrary configuration of the colorings of the edges around the square faces. There are two choices per square face. Such a configuration determines all the colors of all the short edges of the original lattice. We must now take care of the possible signs in (2.5). As we noted already, these signs propagate from short edge to short edge of the same color, between adjacent triangles sharing a long edge. It means that the sign remains the same along colored loops, formed by the edges of same color, connected in the dual lattice through a dual of long edge (namely an edge of octagon which is not an edge of square).
Let us now blow up the square faces of the dual and simultaneously shrink the duals of long edges, until the latter disappear, as shown in Fig.6 . The octagonal faces become square faces, forming a checkerboard with the square faces with colored edges. We finally We start from an arbitrary bicoloring of the dual of the short edges, in the dual lattice (a). We next blow up the square faces of the dual lattice and shrink the remaining octagon edges to zero, so as to get a (bicolored) square lattice (b). We have represented on (b) a new square lattice S in thin solid lines; each of its faces contains one bicolored square.
draw the square lattice (denoted by S) with vertices at the center of these new square faces (see Fig.6 ). The faces of this square lattice simply read either or (2.6) according to the previous coloring. Note that the black (resp. white) edges are connected between adjacent faces, thus forming lines across the lattice. Discarding the problem of boundary conditions, we may assume that the lattice geometry is toroidal (namely we consider a rectangle of size P × M of lattice, for a total of N = 4P M triangular faces, with doubly periodic boundary conditions) and thus these lines form loops. The sign of (2.5) takes the same value along each such black or white loop. Denoting by N b (resp. N w ) the numbers of black (resp. white) loops formed by the coloring configuration, the partition function of the folding problem of the square-diagonal lattice reads
where the coverings of the faces of S correspond to the various coloring configurations, and the factor 2 per black or white loop simply counts the possible choices of signs in (2.5).
We have therefore reformulated the folding problem as a dense loop gas problem, with a fugacity 2 per loop, and the presence of both loops (black) and their orthogonal trajectories (white).
Bounds and Expansions of the Folding Entropy
As an immediate consequence of (2.7), let us show that the square-diagonal lattice folding problem has a non-vanishing thermodynamic entropy s SD (2.3). Indeed, we have the minoration
obtained by counting the coloring configurations of the faces of S, i.e. a factor 2 per square.
The factor N/4 follows from the fact that each square corresponds to 4 triangles in the original lattice. We therefore find
and the thermodynamic entropy does not vanish.
Another way would have consisted in choosing a particular coloring configuration of the faces of S, maximizing the number of black and white loops. This is readily obtained by letting the face configurations alternate between the two possibilities of (2.6) thus forming a checkerboard. Note that there are two such "groundstates", obtained from one another by exchanging the two face configurations. Restricting to one of these two colorings of S, we get the following minoration
where we have counted one (black or white) loop surrounding each vertex of S, hence a total number N/4. This again leads to (2.9).
Fig. 7:
A local excitation of a groundstate for Z SD . It is obtained by flipping a face of S, while the rest of the groundstate configuration remains fixed. This creates 2 larger loops of black and white colors, by suppressing two minimal loops, one white and one black.
The advantage of this latter approach is to allow for a perturbative expansion of Z SD , starting from one of the above groundstates, in terms of elementary local excitations.
Such an excitation is simply the reversal of the coloring configuration of one face of S, as displayed in Fig.7 . Doing this will affect the 4 loops (2 white, 2 black) surrounding the face, resulting in two larger loops, one black and one white. Overall this suppresses two loops, hence contributes an extra factor 1/4 to the partition function. There are N/4 of these excitations, hence This expansion can be continued for higher numbers of excitations, but these might interact, by creating or suppressing more loops when they are close together than when they are separated. The first instance of this occurs for 4 excitations. Generically, 4 excitations will contribute an extra factor of 1/2 8 to the partition function, except when these form a 2 × 2 square, as illustrated in Fig.8 It is possible however to prove that the first two terms give a strict lower bound on the entropy. This indeed amounts to neglecting the interactions between the excitations, hence to underestimate Z (as we under-count the loops). We therefore get a first lower bound
corresponding to a partition function per triangle of 1.2574...
Loops and the Temperley-Lieb Algebra
The Dense Loop Gas
The formulation of the square-diagonal folding problem as a coloring problem has left us with a gas of dense black and white loops, each weighed by a factor of 2.
Here, we recall some known facts about the dense loop gas on the square lattice S.
The idea is to generate a dense set of black loops on S, in the same way as we did for black and white loops, except that all the dashed lines are erased. Each loop is weighed by a factor β, resulting in a partition function
where L denotes the number of loops formed by the black lines.
The model is intimately related to both Q states Potts and 6 Vertex models at infinite temperature, in that it has a straightforward definition in terms of the Temperley-Lieb algebra [11] . Indeed, let us introduce the abstract "face" operator
acting on a row of 2P parallel black lines. In (3.2), the face operator e acts on the i-th and The first relation in (3.3) is consistent with the weight β per loop in (3.1): as shown in Fig.9 , we can erase the loop formed by e 2 i and replace it by a factor β. The second relation expresses than one can "pull" the black lines, as illustrated in Fig.9 . The last relation simply expresses the locality of the action of the face operator at lines i and i + 1.
To write the partition function of the dense loop model, we introduce a diagonal zigzag-to-zigzag transfer matrix
The partition function of the model on a strip of width 2P and height 2M , counted in numbers of lines (with N = 4P M , as the total number of faces of S is N/4 = P M ), with periodic conditions along its width 2P boundaries reads
where the trace is the standard trace on the Temperley-Lieb algebra, defined recursively for any expression E depending on the e k , k ≤ i only. With this definition, (3.5) is calculated by simply first expanding T M as a sum of products of e's, then by identifying the black lines along the width 2P boundaries, and replacing each black loop by a factor of β, thus realizing exactly the sum in (3.1). The dense loop gas partition function (3.5) coincides with that of the square lattice isotropic Q-states Potts model at its critical
The abstract definition (3.3) of the algebra of the e's makes it possible to calculate (3.5) by choosing a particular representation for the algebra. A particular choice relates it to the partition function of the 6 Vertex model [12] , solved with standard Bethe Ansatz techniques. This gives an exact formula for the thermodynamic entropy per site of the dense loop model [12] 
This takes care of all the values of β ≥ 0. Note that there are N/4 sites in the model, as there are 4 triangles of the original square-diagonal lattice on each face of S. The entropies per triangle are therefore those of (3.7) divided by 4.
More Bounds on the Folding Entropy
As the dense loop model (3.1) is obtained by dropping the white loop contributions to the square-diagonal folding model (2.7), we get a minoration of the thermodynamic entropy (2.3)
as there are 4 triangles of the original lattice per vertex of S. This is below our first estimate (2.13), and our previous lower bound (2.14).
We can also find an upper bound for the folding entropy s SD , by noticing that the maximum possible number of white loops is obtained in one of the two abovementioned groundstates, hence N w ≤ N/8 in all configurations. Using (2.7), we arrive at
hence the upper bound on the folding entropy
This lies above our first estimate (2.13).
This bound can be improved greatly by using the Hölder inequality for averages,
where µ, ν are two positive real numbers subject to 1/µ + 1/ν = 1, and A, B are two observables averaged over a set of configurations C: A = ( c∈C A(c))/|C|. We may apply where we have identified the partition function of the dense loop model (3.1) at β = 4.
Using (3.7), we find that 2 cosh λ = 4, hence λ = Log(2 + √ 3), and we have the upper bound on the folding entropy the Mayer expansion (2.13)). According to whether the central loop is black or white, we get N b = N w ± 2. However, we expect in average the numbers of black and white loops to be sensibly the same. This explains why Z β=4 is a good approximation of Z SD , which amounts to simply replacing the summand 2
Black and White Loops
The full black and white loop model (2.7) can be expressed in terms of two coupled by affecting a weight β per black loop andβ per white loop.
Tilting the lattice S by 45 degrees, we are led to the introduction of the following face operators:
acting on a set of 2P pairs of black and white parallel lines (in each parenthesis of (3.15), the first term of the tensor product corresponds to the black lines and the second one to the white lines). It is clear from the discussion of the previous section that the e i satisfy the relations (3.3) of the Temperley-Lieb algebra T L 2P (β), whereas the f i satisfy those of
In addition, we have the commutation relations [e i , f j ] = 0 for all i and j.
Let us introduce the zigzag-to-zigzag transfer matrix
acting on a row of 2P pairs of parallel black and white lines, and reproducing the two possible face colorings (2.6). The partition function for a portion of size 2P × 2M of the square-diagonal lattice can be finally expressed as
by imposing periodic conditions along the width 2P zigzag boundaries, namely by identifying all black and white lines along those. In (3.17), the trace is defined for a tensor product of any two elements E ∈ T L 2P (β) and
and extended by linearity.
The remark of the previous section about the independence of Z β on the particular representation chosen for e i is still valid here, and extends to the choice of representation for f i as well. This would enable us for instance to map the model onto a pair of coupled 6 Vertex models. We will find an equivalent 28 Vertex model in the next section.
Comparing the expression (3.16) for the transfer matrix to that of the dense loop model (3.4), we note that
This suggests to define a multi-parameter transfer matrix for the dense loop model, namely
The matrices T β (x) = T β (x, x, ..., x) commute with each other for distinct values of x, as a consequence of the Yang-Baxter equation [12] . Unfortunately, we have not been able to use this fact to "baxterize" the matrix T by introducing a spectral parameter x, so as to form a family of commuting transfer matrices T (x). This is because the matrices 
An Equivalent 28 Vertex Model
Spin Model
The square-diagonal folding problem in its final form can be rewritten as a spin model as follows. To each edge of the square lattice S, we attach two spin variables σ, τ ∈ {−1, 1}.
These stand for the two signs attached to the black and white lines passing through the center of the edge. These spins interact around each face of S, because of spin conservations imposed by either of the two face colorings (2.6). More precisely, each configuration of spins (σ, τ ) around a face of S receives the Boltzmann weight
where the two contributions correspond to the two possible colorings of the face.
This formulation permits to define a row-to-row transfer matrix for the model on a strip of width P , namely
28 Vertex Model
We will now rewrite the Boltzmann weight (4.1) in terms of a "color" variable a ∈ Z Z 4 , defined on the edges of the dual S * of the square lattice S. Namely, we replace each spin configuration around the faces of S by a coloring configuration of the edges adjacent to the corresponding dual vertex The row-to-row transfer matrix (4.2) can be reexpressed as a row-to-row transfer matrix for the 28 Vertex model
In view of trying to solve our original folding problem, we tried to find an integrable structure underlying the 28 Vertex model of Fig.10 , allowing for distinct Boltzmann weights w 1 , w 2 , .., w 7 for each of the 7 (×4) vertices. It appears that no non-trivial solutions to the Yang-Baxter equation can be found here. Moreover, our special case w 1 = 2, w 2 = ... = w 7 = 1 appears to be very singular. Indeed, the 12 × 12 R-matrix with entries
is not invertible at that point (note that b = a, a ± 1 in (4.6), hence the size is 12 instead of 16).
Although the matrix (4.5) displays an interesting block structure, it does not seem to be diagonalizable in a nice and systematic way.
Numerical Studies
This leaves us with little but the possibility of a numerical study, which we will carry out in this section. This is particularly efficient because T is a sparse matrix. Indeed, there are approximately 7 N non-vanishing matrix elements in T (given the color of the western edge of a vertex, there are exactly 7 possibilities for the northern, eastern and southern edges), whereas T is a 4 N × 4 N matrix, hence a ratio of non-vanishing elements of (7/16) N .
The results of the following subsections have been obtained by of T in a vector of length ≃ 7 n , and to use it directly for determining the largest eigenvalue
The various choices of boundary conditions are:
(1) periodic, by identifying the west-most and east-most edges of the row (2) fixed, by setting to the value 0 both west-most and east-most edges of the row (3) mixed, by fixing the east-most edge value to 0, and summing over all west-most edge values. This latter case is also equivalent to having free boundary conditions on both ends.
Periodic Boundary Conditions
n size λ max λ Table I : Numerical results for the transfer matrix of the 28 Vertex model with periodic boundary conditions. We list the length n of the row, the size of the relevant block of the transfer matrix to be diagonalized, the largest eigenvalue λ max , and the sequence λ 1/(4n) max , converging to the partition function per triangle. Note the parity effect on this sequence, which gives a framing of the actual limit.
We display in Table I the results for the largest eigenvalue of the transfer matrix T for periodic boundary conditions. We note the usual oscillatory behavior of the approximation to the partition function per site, namely λ 1/(4n) max . This makes extrapolation more difficult, as we must distinguish between both parities of n, and we rather rely on the other types of boundary conditions for a better behavior. 
Fixed Boundary Conditions
We display in Table II Table II . The sequence ν n of consecutive ratios of eigenvalues is strictly increasing, and gives a good extrapolation using the Aitken algorithm (exponential fit).
We find
Mixed Boundary Conditions
n size λ max λ Table III : Numerical results for the transfer matrix of the 28 Vertex model with mixed boundary conditions (= 0 on one end, free on the other). We list the length n of the row, the size of the relevant block of the transfer matrix to be diagonalized, the largest eigenvalue λ max , and two sequences converging to the partition function per site, namely λ 1/(4n) max , and ν n = (λ n+1 /λ n ) 1/4 .
We display in Table III the results for the largest eigenvalue of the transfer matrix T for mixed boundary conditions, fixed at 0 on one end, and free on the other. Note that the size of the matrix to be diagonalized is the full size of T , 3 × 4 n−1 . On the other hand, the sequence ν n of consecutive ratios of eigenvalues displays a very nice convergence. Using the abovementioned extrapolation scheme, we arrive at
Note that this result is slightly smaller than the Mayer estimate (2.13).
d-Dimensional Hypercubic-Diagonal Folding
Discrete Folding in Higher Dimensions
In the present paper, we have studied the two-dimensional folding of the squarediagonal lattice, in which the image of the folding maps ρ is a subset of the original lattice.
If we relax the latter constraint, we may just consider maps from the original lattice to say IR d . It is however desirable that the target configurations may only have finitely many possibilities to form local folds, i.e. we should not allow folds with arbitrary angles. We may introduce a higher-dimensional discrete folding problem by simply demanding that the image of the folding maps ρ, subject to (2.2), be a subset of a d-dimensional lattice edges, of length √ 2). These diagonals are chosen so that none of them contains the origin of the lattice, and that each plane section of the lattice, parallel say to ( e i , e j ),
is a copy of the square-diagonal lattice, with an alternance of A and B-types (c.f. Fig.11) as we move along a direction e k , perpendicular to ( e i , e j ). Note that on the lattice, any two short edges are either parallel or perpendicular. The sub-lattice of the HCD formed by erasing all short edges was also considered for the d-dimensional folding of the triangular lattice in [10] . Both models are interesting, although it would seem at first sight that they are dual of one another. This is not quite true, as no transformation can exchange the roles of long and short edges: the short edges indeed interact around the 8 and 4-vertices of the squarediagonal lattice, whereas the long edges do only around the 8-vertices. In the remainder of this section, we will concentrate on the first case, the d-dimensional HCD folding of the 2-dimensional square-diagonal lattice.
The Model
As in the 2-dimensional case, we choose a particular "fundamental" orientation of the short and long edge "tangent" vectors on both the square-diagonal lattice and the target d-dimensional HCD lattice, and consider the set of folding configurations of the squarediagonal lattice into the d-dimensional target lattice, namely the set of distinct images of folding maps ρ subject to the constraint (2.2) around each face of the original lattice.
The target short edges may take only 2d distinct values, namely ± e 1 , ± e 2 , ..., ± e d , where e 1 , ..., e d denotes the orthonormal basis of the d-dimensional hypercubic lattice. The target long edges may take only 2d(d−1) distinct values, namely ± e i ± e j for 1 ≤ i < j ≤ d.
The image of a given short tangent vector t of the original lattice reads
hence is characterized by a "color" i ∈ {1, 2, ..., d} and a sign ǫ = ±1. This gives rise to essentially four types of foldings for the short edge, as depicted in The figure is drawn in the space spanned by e i , e j , e k of (6.3).
Equivalent Loop model
The only constraint coming from the face rule (2.2) on a given triangle is that the two short edges should have perpendicular images, of the form ± e i and ± e j respectively, with To best see this, let us consider the square-diagonal lattice, together with its square sub-lattice S, whose vertices are those of valency 8 in the original lattice. The lattice S has therefore long edges, and each of its faces is made of 4 former triangles, hence has 4 short edges along its diagonals. Let us replace the coloring of the short edges by that of "dual" edges linking the midpoints of the edges of S around its faces, as illustrated in corresponding respectively to the two cases of (6.2). 
Estimates for the d-HCD Folding Entropy
The expression (6.5) for the partition function of the d-dimensional HCD folding of the square-diagonal lattice provides us with upper and lower bounds on the entropy.
First of all, note that
HCD is a partial sum of Z To find a lower bound on s 
where we have used the relation J 2 = dJ, and factored out the contribution 16 for the independent choices of the four signs.
Note that (6.11) yields V 2 = 32 instead of 28, for d = 2. This is because we must keep track of the edge colors as soon as d > 2. At d = 2, the model has been further simplified by noticing that any reference to the edge coloring could be omitted, at the expense of modifying the Boltzmann weights (four vertices actually acquired a Boltzmann weight 2).
The row-to-row transfer matrix of the vertex model is again sparse. Indeed, if we fix the value of the west-most edge in a row of N vertices, we have a number of nonvanishing matrix elements of the order of (V d /(2d(d − 1))) N , whereas the matrix has a total of (2d
N , which gets smaller as d increases.
Numerical Study
In this section, we extract some numerical estimates for the HCD folding entropy in dimension d = 3, from the largest eigenvalue of the transfer matrix of the 288 Vertex model described in the previous section. Table IV : Numerical results for the transfer matrix of the V 3 = 288 Vertex model with fixed boundary conditions ( =(1, +; 2, +) on both ends) for the 3-dimensional HCD folding. We have represented the size n of the row, the largest eigenvalue and the ratio ν n = (λ n+1 /λ n ) 1/4 , which converges to the partition function per triangle. The results for the largest eigenvalue of the corresponding transfer matrix of the 288
Vertex model are displayed in Table IV , together with the sequence ν n = (λ max (n + 1)/λ max (n)) 1/(4n) , converging to the partition function per triangle z HCD ≃ 1.35(1) Note that our estimate (6.12) agrees with the lower bound (6.9).
d-Dimensional FCH Folding
The Model
As in the 2-dimensional case, we choose a particular "fundamental" orientation of the short and long edge "tangent" vectors of the d-HCD lattice of Fig.12 , and consider the set where i, j, k ∈ {1, 2, ..., d}, i and k distinct from j, and ǫ, η, σ are arbitrary signs.
. . . . This gives rise to essentially four types of foldings for the long edge, as depicted in 
Vertex Model
Let us again consider the square lattice S whose vertices are the 8-valent vertices of the square-diagonal lattice. The edges of S are the long edges of the original lattice.
According to the previous section, these edges are folded into edges of the form
Each such image is therefore characterized by a color i ∈ {1, 2, ..., d} and a sign ǫ ∈ {−1, 1}.
Let us examine the possible relative images of the long edges in two triangles sharing a short edge. There are basically only two possibilities
to accomodate the face rule (2.2), where i = j, i = k, and ǫ, σ, η are arbitrary signs.
We have indicated only the value of the central short edge image, as the remaining ones are immediately deduced from the face rule (2.2). As a corollary, we see that the short edges are always either completely folded (solid line in ( 
Loop Model
The 
Estimates for the d-FCH Folding Entropy
The loop model of previous section permits to derive lower bounds on the partition function Z Let us fix such a groundstate, say of color 1 (black). Consider the local excitation obtained by forming a minimal loop of another color, as depicted in Fig.21(a) . The loop suppresses 4 vertices of the first type in Fig.19 , but introduces an extra weight 2(d − 1) for the extra loop and the choice of d − 1 other colors to paint it. Hence the local excitation contributes an overall relative weight of 1/(2(d − 1)) 3 . These excitations do interact whenever they occupy neighboring faces of S * . For instance, as shown in Fig.21(b) , two such neighboring excitations are forced to have the same color, and form only one extra loop, whereas they suppress 6 vertices of the first type in Fig.19 . Hence, instead of the expected relative weight 1/(2(d − 1)) 6 , they only contribute for ( − 1) ) 5 . This propagates to higher numbers of excitations. In general, the partition function is underestimated if we neglect these interactions. This provides us with an exact lower bound Table V : Lower bound on the d-dimensional FCH folding entropy, from (7.7). We display the dimension d, the lower bound on the folding entropy and the corresponding lower bound on the partition function per triangle.
The values of the lower bound (7.7) for the d-FCH model are displayed in Table V .
Note that (7.7) consists of the two leading orders of the Mayer expansion of Z
F CH in terms of the local excitations described above. The expansion however is quite involved, as the excitations interact between nearest neighbours (two faces sharing an edge) and second-nearest neighbors (two faces sharing a vertex) as well. In the latter case, we have to use extra caution and distinguish between the cases when the two excitations have the same or different colors. Up to order 2 in these excitations, we find
where we have set u = 2(d − 1). Note the bad apparent convergence at d = 2 (u = 2), where this yields z ≃ 1.233, way below our best estimate 1.258. It appears that for d = 2 the Mayer expansion (2.13) around a very different groundstate is much more accurate.
So, although both have the same contribution 2 n to the partition function, the latter groundstate yields better corrections. This competition between different groundstates could yield an interesting phase diagram for a fully interacting model.
We expect however the expansion (7.8) to behave better for larger values of d, for which the existence of a groundstate generalizing that leading to (2.13) is not clear.
Comparing (7.7) to the large d estimate (6.10) for the HCD model, we conclude that the two d-dimensional folding models (HCD and FCH) agree in the large d limit.
Numerical Study
In view of the previous sections, the W d Vertex model is a straightforward generalization of the 28 Vertex model we have already studied. A direct adaptation of our programs permits to calculate the largest eigenvalue of the transfer matrix for a few values of d.
Like in the d = 2 case, we use the method of iteration of the action of the transfer matrix T on a given vector, which we normalize at each step. To construct T , we simply list its (6d−5) n non-zero elements, for fixed boundary conditions (say = 0) on the leftmost edge of the row. Each such element has a unique pair of (row,column) indices in T : indeed, the type of vertex in Fig.18 is fixed uniquely whenever the east, north and south edge variables are given. Like in the d = 2 case, this linear description of the matrix gives access to large sizes. We list our results in Table VII : Numerical results for the transfer matrix of the W 3 Vertex model with mixed boundary conditions (= 0 on one end, free on the other) for the 3-dimensional FCH folding. We have represented the size n of the row, the largest eigenvalue and the ratio ν n = (λ n+1 /λ n ) 1/4 , which converges to the partition function per triangle.
For d = 3, we observe a much slower convergence (see Table VI ). To obtain better results, we have also calculated the largest eigenvalue of the transfer matrix T in the case of mixed boundary conditions, fixed at 0 on one end, and free on the other. The results are displayed in Table VII . Upon extrapolation, this leads to a more precise result for the 3-dimensional FCH folding entropy and partition function per triangle:
F CH ≃ 1.470.. (7.10)
Other Compactly Foldable Lattices
Classification of Compactly Foldable Lattices
We would like to briefly address the following question: can one classify the inequivalent two-dimensional lattices which are compactly foldable onto themselves in two dimensions? By this we mean that all maps ρ preserving the face rule (2.2) and the lengths of edges, and with values in IR 2 actually have their image included in the original lattice.
Another formulation is the existence of a map ρ whose image is a single face of the lattice (the lattice is then completely foldable onto that face).
We already know of three examples: the square lattice (and its trivial variation the rectangular lattice), the regular triangular lattice and the square-diagonal lattice introduced in this paper. One way to look at the square-diagonal lattice is rather as the superposition of two square lattices (see Fig.22 ), say S and S ′ , such that S ′ is a dilated version of S by a factor √ 2 as well as rotated by 45
• , so that the vertices of S ′ coincide with half of the vertices of S, forming a checkerboard.
This suggests to apply the same type of transformation (dilation/rotation) to the triangular lattice. The only non-trivial possibility is a dilation by a factor of √ 3, and a rotation by 30
• , displayed in Fig.23 . This gives rise to a new foldable lattice in two dimensions, by superposition of the two triangular lattices, called the double-triangular lattice. We expect its entropy of two-dimensional folding to be larger than that of the square-diagonal model. This model will be studied in the next section.
This can be shown to actually exhaust all the possibilities for compactly foldable twodimensional lattices. As a side remark, the generating function for compactly foldable random triangulations of arbitrary genus was obtained in [13] .
Two-Dimensional Folding of the Double-Triangular Lattice
The double-triangular lattice of Fig.23 has three types of edges: long, medium, short of respective lengths 2, √ 3, 1. Each triangular face has one edge of each type. As usual, we introduce tangent vectors along these edges, with compatible orientations throughout the lattice, so that the face rule (2.1) is satisfied around each triangular face. By inspection, it is easy to see that the images of the long edge vectors may only take one of the six values ± e 1 , ± e 2 , ± e 3 , where the e i are three fixed vectors of length 2 with vanishing sum (hence forming angles of 120 • ). As before, writing these images as or a partition function per triangle z DT ≃ 1.320....
d-dimensional Folding of the Double-Triangular Lattice
We now briefly address the question of the d-dimensional foldings of the doubletriangular lattice.
(a) (b) we join to the opposite vertices of all faces adjacent to that edge, thus constructing exactly one height on each triangle. We do this in a coherent way, by successively sending the height from a triangle to its neighbors by rotating it around any of the two opposite edges of its face. In the end, each section of the lattice by a plane containing one of its faces must be the lattice of Fig.23 . The octahedral unit cell of the 3-dimensional version is represented in Fig.27(a) .
The other possibility also starts from the d-dimensional FCC lattice. We next simply add a central vertex in the middle of each face and of each edge, and join them by drawing the three heights of each triangular face of the FCC lattice. The unit cell of this lattice is represented in Fig.27(b) for d = 3.
Note that the heights in these two constructions play exactly the role of the diagonals in the case of the square-diagonal lattice folding. Both models lead naturally to higher vertex models on the Kagomé lattice.
Discussion and Conclusion
Folding Entropies
In this paper, we have found various estimates for the entropy of folding of the square- In two dimensions, the partition function per triangle for the folding of the triangular lattice was obtained in [4] , with the exact result
The square-diagonal folding partition function per triangle
is substantially larger. In addition, our model presents two different types of edges, to which we can attach different bending energies. Doing so should produce an interesting phase diagram and hopefully confirm the first order folding transition of [9] . The doubletriangular folding partition function per triangle
is even larger, as expected.
In three dimensions, the best numerical estimate of [10] HCD /2 in the thermodynamic limit. From (9.5), we see then that when d = 3 only a small portion of the FCH entropy is taken care of by the restricted model. Note finally that the restriction imposes that at most one set of two parallel short edges can be folded on each face of S: this rigidifies the faces of S only partially, and the latter can be thought of as a random distribution of exactly one diagonal on each face of a square lattice S, each of which is either folded or not, hence this looks like a randomized version of the square-diagonal lattice, in which the former long edges play the role of short edges, and pairs of parallel former short edges play the role of long edges.
Bending Rigidity
A natural extension of our models would be the introduction of a bending rigidity, namely of an energy making folding more or less difficult.
In the two-dimensional Square-Diagonal folding problem, this can be implemented by attaching a Boltzmann weight e K i , per unfolded long (i = 1) or short (i = 2) edge, while completely folded edges receive weights e −K i respectively. Positive values of K i will favor a completely flat groundstate, whereas negative values of K i will favor a completely folded groundstate.
Interestingly, if we choose K 1 << 0 and K 2 = 0, the system will tend to maximize its number of folded long edges. This corresponds to either of the two groundstates of Sect.2.3
which have led us to (2.10), with a free energy
per triangle (there are N/2 long edges for N triangles).
If instead we choose K 1 = 0 and K 2 << 0, the system will have a tendency to have all its short edges folded, hence, in terms of the W 2 = 28 Vertex model, the first vertex of Fig.10 will be favored, namely all edges will have the same value of a. The corresponding four groundstates are those of Sect.7.4 which have led us to (7.6), for d = 2.
The corresponding free energy per triangle reads
(there are N short edges for N triangles).
More generally, the situation K 2 = 0, K 1 arbitrary can still be described within the framework of the 28 Vertex model of Fig.10 . Indeed, the first vertex receives a Boltzmann weight 2e −4K 2 (all four inner short edges are folded), the last one a weight e 4K 2 (all four inner short edges are flat) and the two remaining vertices receive a weight 1 (two short edges are folded, two are flat). This model will be studied elsewhere.
The most general model with K 1 and K 2 arbitrary forces us to go back to the initial degrees of freedom of the folding model. As we have just seen, the 28 Vertex model allows only for including a bending rigidity for short edges. Introducing a rigidity for long edges as well will introduce an interaction between neighboring vertices, and force us to disentangle the first vertex in Fig.10 , and to rather use the V 2 = 32 Vertex model formulation of Sect.6.4 (see (6.11) ). This new interacting model has a more sophisticated transfer matrix, as the vertices interact with their nearest neighbors.
The two particular limits K 1 → ∞, K 2 finite, or K 2 → ∞, K 1 finite of the general model can be easily solved. They correspond to the complete flattening of one type of edges, thus forming rigid square faces, which can be folded along the other type of edges. This is then equivalent to the folding of the square lattice, whose very simple phase diagram was studied in [9] . The main result was a first order phase transition between a completely flat phase and a completely folded one. What makes the model very simple is the absence of folding entropy, as all the folds initiated on the boundary of the studied domain propagate all the way through the lattice along straight lines. Note that there are N/2 flattened squares in the first case (each square is made of 2 triangles), whereas there are N/4 such squares in the second case (each square is made of four triangles). The corresponding free energies read
Fluid Membrane Folding
We would like to finally comment on a fluid version of the models studied in this paper. A fluid membrane can be modelled by a random tessellation of a Riemann surface.
This amounts to replacing the regular lattices representing the tethered membrane by random tessellations with the same type of tiles as the regular lattice, but with an arbitrary connectivity at each vertex.
In the case of the square-diagonal lattice, let us choose for tiles the square faces of 
